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CASSIE biped robot

• CASSIE, a biped robot created by Agility Robotics (spin-off Oregon St. University)
– Balance while walking 
– Interact with unknown environment  
– uses sensors embedded in its legs to keep its balance. 

• Robots move from industry to human environments which is 
– Unknown (time varying) with lots of uncertainties

• Interaction with human -> safety -> control 
– Statics (force balance) >> Dynamics (force & motion)



Kinematics (review)

• Kinematics:
(relation between q , x )  

• Inverse Kinematics:

– near singularity of the Jacobian matrix (high "̇)! 
– for redundant robots (n≠m), no standard “inverse” of a rectangular 

matrix → pseudo-inverse. 

ẋ = J q̇

when J square and 
non-singular 



Generalized Forces and Torques



Statics - Transformation of Forces



Virtual displacement and works

dx



Principle of Virtual Work

dx

At static equilibrium, the virtual work done by active forces is zero.



Duality between Velocity & Force

dx



Duality between Velocity & Force

“how easily” can the end-effector be 
moved in the various directions of the 
task space

“how easily” can the end-effector apply forces
(or balance applied ones) in the various 
directions of the task space



Duality between Velocity & Force

“how easily” can the end-effector be 
moved in the various directions of the 
task space

“how easily” can the end-effector apply forces
(or balance applied ones) in the various 
directions of the task space

@ singularity
robot cannot 
move in certain 
direction but 
can sustain a lot 
of forces (by the 
structure of 
mechanism)



Kinematics - Statics Duality

• Kinematics:
(relation between q , x )  

• Statics:
(relation between τ and F)  

ẋ = J q̇

⌧ = JT F



Example 1

• What are the joint torques required for the 2-link 
robot to push against the wall in x-direction? 

x

y

F

l1

l2

θ1

θ2
⌧1
⌧2

�
= JT


1
0

�



Example 2: WAM robot video

• WAM robot: applying force/moment in all 6-dofs

⌧ = ⌧g + JT
linFbase + JT

rotMbase

ẋ =

2

4
Jlin
��
Jrot

3

5 q̇

apply_force_ 
base_frame

⌧

Mb

Fb

wam.q

X

Z

Fx



Example 3: estimation of external forces form 
joint torques measurement

• In static condition: M(q)q̈| {z }
⌧m

+N(q, q̇)q̇| {z }
⌧cc

+ g(q)|{z}
⌧g

= ⌧j + JT
c Fc

JT
c Fc = wam.getJointTorques()| {z }

⌧wam

�⌧g

Fc = J†
c (⌧wam � ⌧g)

J†
c = (JcJ

T
c )�1Jc

M(q)q̈| {z }
⌧m

+N(q, q̇)q̇| {z }
⌧cc

+ g(q)|{z}
⌧g

= ⌧j + JT
c Fc

JT
c Fc = wam.getJointTorques()| {z }

⌧wam

�⌧g

Fc = J†
c (⌧wam � ⌧g)

J†
c = (JcJ

T
c )�1Jc

JT
c Fc = ⌧wam| {z }

wam.getJpintTorque()

� ⌧g|{z}
bt calgrav eval



Valkyrie NASA robot



Dynamics

• Dynamics: relates forces and acceleration 
– Need to understand rigid body dynamics

• Newton – Euler method
• Lagrange formulation (energy-based)

M(q)q̈ +N(q, q̇)q̇ + g(q) = ⌧

⌧ = ⌧g +Dx(ẋd � ẋ) +Kx(xd � x)



Rigid body dynamics (linear + angular)
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Lagrange formulation (energy based)
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Lagrange Formulation

Lagrange Equations
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Lagrange Equations
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Kinetic energy of a link
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Equations of Motion
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Equations of Motion
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Equations of Motion
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Properties of M(q)matrix
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M(q) is Symmetric: M = MT i.e.  m12 = m21 , …
M(q) is Positive definite:      ξTM(q) ξ > 0   for all  ξ ≠ 0 
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Centrifugal and Coriolis Vector V
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Example: 1-Rev. Joint + 1-prismatic
taken from Prof. O. Khatib lecture notes 

(CS223A - Introduction to Robotics)
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The matrices        and are given byJZ1
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3. Impedance Controller Module (virtual spring)

• Impedance Controller: 

Impedance_ 
controller

⌧

M(q)q̈ +N(q, q̇)q̇ + g(q) = ⌧

⌧ = ⌧g +Dx(ẋd � ẋ) +Kx(xd � x)
) Dx(ẋd � ẋ) +Kx(xd � x) = F

wam.x

wam.ẋ

(Kx, Dx) xd ẋd

Stiffness  Kx ,  Ky , Kz
Damping Dx , Dy , Dz



a. Virtual (Haptic) Fixtures
Virtual fixtures (VF): are software-generated 
force/position constraints. 
VFs are obtained by adding attractive/repulsive force 
fields.
VFs improve manipulation by limiting movement into 
restricted regions (Forbidden-region VF) and/or 
influencing movement along desired paths (Guidance 
VF).

Op. Space 
Constraints

Joint Space 
Constraints

RobotGravity + 
Friction Comp

FK

x, ẋ

q, q̇⌧

⌧x,c

⌧q,c

Fx,c
J(q)T

⌧(g)

repulsive/attractive 
force field



b. Bilateral tele-operation
Bilateral tele-op robotics is used for remote (space/under water) 
applications or for manipulation in dangerous environments.
Torque control + Virtual Fixtures improve the performance of bilateral 
tele-op robotics systems and enable them to execute complicated tasks.
Attractive/repulsive force fields can be imposed on tele-op systems to 
avoid collision or detect contact with environment.

Virtual Const.

Slave

Tele-op

⌧s(g)
⌧m(g)

JT
s

JT
m

xs, ẋs

xm, ẋm

Fm,c

Fs,c
Virtual Const.

Master

Gravity + 
friction Comp

Gravity + 
friction Comp

Tele-op


