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3D projective geometry a w o A

1it’s applications
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First 1D Projective line
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inhomogeneous

Requires 4 points:

3 to create a coordinate system
The fourth is positioned within that system
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« Basic projective invariant in P1: the cross ratio

|X1X2||X3X4| |:Xi1 le}
X, X i Xa, X, b= ‘x.x.‘:det
{ 117%2 3 4} |X1X3||X2X4| 1% Xiz i2

homogeneous

*Properties:
— Defines coordinates along a 1d projective line
— Independent of the homogeneous representation of x
— Valid for ideal points
— Invariant under homographies




*Points X=00%, %3, %), X, 70 (%01 X5, X3, Xg) = (X /X5 X5 /%4 X5 1 %,)
(X, X, %3,0) (X,Y,Z1) «(X,Y,Z)

' X=0

Lines: 5DOF, various parameterizations
Projective transformation:

—4x4 nonsingular matrix H
—Point transformation X'=HX
—Plane transformation a=H

Quadrics: Q xQx=0
—4x4 symmetric matrix Q
—9 DOF (defined by 9 points in general pose)




3D points
Ny . NN t
3D point
(X,Y,z)" inR3
><:(X1’X2’x3’><4)T in P3

\ e "\',v,‘

T
X, X, X T
X=— —=2 31| =(X,Y,Z,1
(X4 % X j X2 (X, 20)

projective transformation

X'=HX (4x4-1=15 dof)



Planes

3D plane Transformation

X +nY +n,Z+m, =0 XK=HX
t=H"n

T X, +m, X, +m1, X+, X, =0

n'X=0
Euclidean representation
n'X +d=0 n=(n,mn,,m) X= ( Z)
X,

)+
/||

Dual: points < planes, lines < lines



Planes from points
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Solve tfrom X; =0, X;t=0and X;t =C
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X, X,
X, |[t=0 (solve mas right nullspace of | X[ |)
.
X! X1

Or implicitly from coplanarity condition
X, (X (X,) (X,),
(
el g (),
X3 (5(173 ‘kxz)s (X3)3
| Ka (X)) (X)), (X3),]
X1[)234 - X2D134 + X3D124 _TX4D123 =0

n= (D234’_D134’ D124’_D123)

=0




Representing a plane by

Representing a plane by its nullspace span M

Allpoints lin ~~ X=MXx  M=[X.X,X,]
combofbasis #©'M=0

Canonical form:
Given a plane = (a b,C, d)

T
nullspace span Mis M = {p} p= (_E ,_E ,_Ej
| a a a



Pomts from planes

- - T
T, y
n; X =0 (solve Xas right nullspace of 7,;; )

T T




Join of two points: A, B

AN AT
(4dof) W = B MA+uB
)\ / Intersectlon of two planes: P, Q
PT Pencil of
W' = QT KP+},LQ planes

Example: X-axis

[0 00 1 w*—0010
110 00 101 0 0



Pomts Ilnes and planes

Join of point X and line W is plane &t

W W
M = XT Mn=0
Intersection of line W with plane = is point X W

M:{WT} MX =0
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Difficulties with a projective space:

— Nonintuitive notion of direction:
— Parallelism is not represented

— Infinity not distinguished

— No notion of “inbetweenness”:
—Projective lines are topologically circular

— Only cross-ratios are available
— Ratios are required for many practical tasks

Solution: find the plane at infinity! 7., =(0,0,0,1)
*Transform the model to give r_, its canonical coordinates
2D analogy: fix the horizon line | =(0,02)
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__From projective to affine

-9P

« Finding the plane (line, point) at infinity
— 2 or 3 sets of parallel lines (meeting at “infinite” points)
— a known ratio can also determine infinite points

1D o0 20 _ _Ix cross ratio

, 1 ” P. 300 2(1+x)
1 >
1
: 2







__ Affine space

 Affine transformation e e
HA _ 21 22 a23 24
—12 DOF 31 dg; 833 Ay
— Leaves &, unchanged 0 0 0 1
e Invariants

— Ratio of lengths on a line
— Ratios of angles
— Parallelism

Kutulakos and Vallino, Calibration-
Free Augmented Reality, 1998




« Metric transformation (similarity)
—7DOF {SR t}
. =

— Maps absolute conic to itself

e Invariants
— Length ratios
— Angles
— The absolute conic

o' 1




The absolute conic

. i
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eIt is the mtersectlon of every sphere with 7_

*In a metric frame [x_=(0,0,0,1)
O xf+x22+x§}_0

absolute dual quadric




From affine to metric

-y w.J) .

«ldentify o_on =n_ OR identify Q.
— via angles, ratios of lengths
— e.g. perpendicular lines  d,'Q,d, =0

«Upgrade the geometry by bringing o_ to its
canonical form via an affine transformation

1D ?



Affine 5 known points

Metric



hat good Is a projective mod
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DI o Semil

Represents fundamental feature interactions
Used in rendering with an unconventional engine:

Teol(fe.f2.3) = H fi- 5‘3 H

Visual Servoing

Achieving 3d tasks
via
2d image control

collinearity task



hat good Is a projective model?
3 —— — . F ook

- )

Represents fundamental feature interactions
Used In rendering with an unconventional engine:

Visual Servoing

Achieving 3d tasks
via
2d image control

image collinearity constraint



A point meets a line in each of two images...



Collinearity?

But it doesn't guarantee task achievement |




All achievable tasks...
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_Composing possible tasks

oo
. ’ Top point-coincidence

In; ective ¢

Task primitives
Q' ——————— > Teol  collinearity
c | Top Teopl  coplanarity
Projective Tero  cross ratios (o)
AND OR NOT
TIATZ: Tl TIVTZ = TI.TZ —|T: O lfT# O
T, 1 otherwise

Task operators
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wrench: view 2

Top(X1.X5) A
Top(X3.%7) A
Teol(Xa.X7.Xg) A
Teol(X2.X5,X6)

r'ench(xl..8) -




4 Geometrlc strata: 3d overwew

Projective A t| |*Crossratio g
H P—| T « Intersection
15 DOF V'V | Tangency
Affine - At | |-Parallelism
H A T * Relative dist in 1d ﬁ
12 DOF _O 1_ *Plane at infinity 7T
Metric « Relative distances
H, = SF\; L « Angles
1 DOF O 1 » Absolute conic €2
Euclidean R t] |°Lengths
He = |: . « Areas
6 DOF O 1 * Volumes

Faugeras '95




Perspectlve and prOJeCU()n

 Euclidean geometry is not the only representation

- for building models from images
- for building images from models

« But when 3d realism is the goal,
how can we effectively build and use

projective °

affine ' representations ?
metric J




